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EXCITATION OF LOW-FREQUENCY FIELDS IN A MULTIMEMBRANE CHAMBER®

V.P. IVANOV

The problem of the excitation of a given field of ideal fluid velocities
and accelerations is considered, when the fluid fills a chamber which is
small compared with the wavelength. An oscillatory flow is excited by
flexible membranes in the chamber walls. The membrane oscillations are
realized by the periodic injection and drainage of fluid into and from
compartments behind the membranes. Low-frequency excitation of a liquid
phase medium in a space whose linear dimensions are less than the exci-
tation wavelength is used for a variety of technological processes /1/.
It is then important to ensure, not only given energy characteristics of
the oscillatory flow, but also a pre-assigned distribution of the field
of fluid velocities and accelerations.

1. A rectangular chamber D¢ = {z,y, 2:0 <z <L, 0<y<Ly 0<z2< L} is filled with
an ideal fluid of density p,. On the chamber walls there are hatches for loading and unloading,
which are interpreted as free fluid surfaces, and where membranes are mounted. Into the spaces
D,(n=1,..., 2N) behind the membranes, ideal fluid of density p, is periodically injected
and removed, with period 2mn/w, where ® is the angular frequency. The variable pressure of
the periodic fluid flow in domains D, excites oscillations of the membranes. These oscil-
lations are transformed into periodic oscillatory flow of the fluid in domain D,. It is
assumed that wLcl<€ 1, where L is the characteristic dimension of the chamber, c is the
velocity of sound ina fluid of density py, and v, <€ 1, where V and ¢, are the fluid
velocity modulus and the velocity of sound in the fluid in the compartments D, behind the
membranes.

The potential ¢ of the velocity field in domain D, is the solution of the following
problem:

Ag = 0; d¢/on = 0 on T (1.1)

Here 0/n is the derivative with respect to the outward normal, I' is the part of the
boundary of D, formed by the rigid walls, d¢/9z = —ieZ;, Z; = ing™'¢ on the free surfaces
Nyj={z, 5,202 Ly, L <y<ly 71=01,1,=0,1,, =1L, z=L,}, where Z; is thedeviation
of the free surface from the equilibrium position, dew/dn = —ioW,, Pp = —{qa on the mean
surface of the n-th membrane, ¢, is the load on the mean surface of a membrane, w, is the
normal component of the sag of the n-th membrane, and p is the pressure on the mean surface
from the fluid of density p;.

In the compartments D, the flow velocity potentials @, satisfy Poisson's equation

Mﬂ
Agp, = 21 QnmemrIa (r— ggmv y— n(')'m' z— C:)lm) e-iet (12)
me
n=1,... 2N
where (E:m, "l:mv C:,'m) are the coordinates of the sources with deliveries ., and delay

phases 0,,8 (x) is the delta function, and t is time, which is a parameter of the problem.
Oon the rigid walls we have the no-flow condition, and on the membranes, the matching condition

dp,/0n = —iww,, P, = —g,', where p, and g¢,! are the pressure and load on the mean membrane
surface from the second fluid.
The pressure in domains Dy, and D,(rn=1,...,2N), is found from the linearized egquations

of motion

P — po— P18 (Ly — 2) = iwp, ¢ (z, y, 2)e' (1.3)
Pn — Pno — Ps& (Ln — 2) = iops@, (2, ¥, z)e—iwl' L,= max z

(x. ¥, 9D,

(po, Pno are the pressures in the working chamber and the n~th compartment at zero sag of the
membrane and g is the vertical component of the acceleration due to gravity).
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We consider the problem of the excitation in a sub-
) Vo b domain of D,. of an oscillatory flow with given vertical
) D s S P velocity and acceleration, with modulus not less than a pre-
r assigned amount. For the excitation we locate membranes in
the lower and upper walls of the working chamber, strictly
one below the other, the free surfaces [I;; being located
T— 1 T —T_ 1 above the rigid part of the lower wall (Fig.l).

A A B We know that, at small non-zero displacements of the
membranes, only the vertical component of the sag w,, which,
in the domain I, formed by the undeformed mean surface of

Fig.l the n-th membrane and the bounded piecewise smooth closed
curve y,, satisfies the equations /2/

(DV* — o*pb)w, = p,—p, n=1,.. . N (1.4)
(DVA_ 032F55)wn=17_17m n=N+17---»2N
V4 = (8% + 8*/3y*):, D = EG“/[12_(1—v2)]

where N is the number of membranes on the lower (upper) wall of the working chamber, and

S5, p, E, v are the membrane thickness, the density, the modulus of elasticity, and Poisson's

ratio of the membrane material respectively. The time factor e is omitted.
The boundary condition on the curves ¥, can be written as

wn, =0, p,=0o0ny, (1.5)
where p, is the bending moment in the direction of the normal.
We shall further assume that domains r.(n=2,...,N), are, with z =0, translations
of the domain I, by n steps of length ! along the y axis, whiledomain I, (rn=N +2,..., 2N),

with z = Ly, are translations of the domain TIwy; by n steps of length ! along the y axis.

2. Let V*(z,y, z)eiot, a*(z, y, 2)e-'9" be the pre-assigned velocity and acceleration fields
of the oscillatory fluid flow inside the chamber, which are realized by the sags w,* of the
membranes and satisfy the conditions

| Vel 9,2) | 2 V*, | a* (2,9,2) | > A% (2, y, 2) ED* T D, 2.1

Here, D* is the uniton of cylinders D* = U,D,* with bases TI';*, which are subdomains
of T, of the upper and lower membranes, and V* and A* are constants.

We pose the following problem: it is required to choose the coordinates of the centres
of the sources, the number of them, and the volume deliveries (Q,m, in such a way that the
distribution field of the velocity V, in domain D, satisfies the condition

max I Vz (Iv Y, Z) - Vz"l (I1 Y, Z) l < €, (I' Y, Z) = D* (22)

%Y,z

This problem is an example of an inverse problem of oscillatory flow of fluid in a
bounded volume. The general theory of such problems is treated in /3/.

Let ¢* (z, y,z) be the potential of the velocity V* (2, ¥, 3), and G the Neumann function

for the domain D, Using Green's formula and the matching conditions on the membranes T,
we obtain the following expression for the potential ¢* in terms of the sags w,*

o* = —inl* + inJ* (2.3)
N 2v 1
=3 wrds— 3 (wrcas, =73 § zcds
n=1T, n=N+41T, j=0 Ty
Since the conditions —iow,* = V&% hold on membranes Thoon=1,..., 2N, the sags w,*

will be assumed to be known, and the potential ¢* is given by

N aN
=3 §vhcds— 3 (vieds+ios*
n=1T, n=N+1T,

The deviation Z,"‘ of the free surface can then be assumed to be given, or Z* can be
found from the system of integral equations

Z® + o'Wt = g%, j=0,1 (2.4)

1f {Ry}i,; is the solving kernel of system (2.4), we can write the deviation Z#* of
the free surface as
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1
Zp=—og? 3§ Ryt ds + ol (2.5)

=0Ty,

Let G, be the Neumann function for the domain Dpsthe flow velocity potential ¢, in the
domain D, will be calculated from the expression

My

On(Z, ¥ 2) = D) exP (i8,) QunGn (. Y 2, Eams Moms Lom) = (2.6)
m=1
iol,, I,= S wnGod,
r

n

where the upper sign is taken for n=1,...,N, and the lower one for n=N-+41,...,2N.

We find the potential ¢, excited by the sags w,, from an expression similar to (2.3),
in which the w,” are replaced by w,. On substituting into system (1.4) the values of the
pressure, found from (2.3) and (2.6), we obtain the system of integrodifferential relations
connecting the membrane sags and the deviations Z; of the free surfaces with deliveries Qpm:

(DV* — o®pd)wyx F~ 0%y [J — I} + 0’pyly = 2.7
My

=+ iwp, exp (i0y) m2=1 QimGx x> s Sk Egmv ﬂ:):mv C(;‘M)

Zf+(02g—l(‘]~[):01j=011
=0, k=1,..,N; ty=0L,, k=N+1,....,2N
J=J* I =1I* for w= w*, z = z*

(the upper sign is taken for k =1,..., N, and the lower one for k=N +1,..., 2N). If the
deliveries are known, (2.7) is a system of integrodifferential and integral equations for
finding the sags wy and the deviations Z; In our present problem, however, the deliveries @y,
are unknown, and have to be found.

We require that the unknown sags wy should be equal to the sags wy*; then it follows
from the last equations of system (2.7) for j=0,1, and from system (2.4), that Z;* =2,
while the flow potential ¢ is equal to the pre-assigned potential ¢*/4/. We substitute the
values w,* instead of w, into system (2.7). We can then interpret (2.7) as an approximation
of the known function on the left-hand side of (2.7) by a sequence of known functions

Gim (& Mx) = G (Exs My G §;m, Tl«’;m, Q’J‘m)
m=1 ..., M

with unknown coefficients Qm. Since the system of functions Gyy is linearly independent
on Ty /5/, the problem is solvable and the coefficients of the best approximation of Qm
are given by

My

2 Qum \ GimGrqds =byq, g=1,..., My 2.8)

m=l Ty

brg=Folp;* exp (— i8y) { Gy DV* — wpb)wy* T
T

k
@, (J* — I*) + w¥p, %) ds

(the upper sign is taken for k=1,..., N, and the lower one for k=N +1,..., 2N).
Let B denote the operator given by the integrodifferential expression on the left-hand
side of system (2.7) with k =1,...,2N, in which the Z; are given by (2.5), which is

specified in the set of sufficiently smooth functions which satisfy boundary conditions (1.5).
The number My of sources is found from

My
| Bu* — 3 [ iop, exp (18) QuenGrml [ <N BN w* —wy |

where w, is the sag realized by the given distribution of sources with deliveries Qyp. Assume
that the parameter ® is not a natural frequency of oscillation of the membrane~fluid system.
We then have the estimate ||w* — w,ll e, ||B|™ =e. 1In order to satisfy condition (2.1), we
need to know the distribution of the vertical component of the velocity field of our solution
with respect to the z coordinate.

3. As an example, consider the excitation of a given fluid velocity and acceleration
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field in the domain D, = {0 <z <L, 0 <y < 6L, 0<3< L2} for an eight-membrane chamber with
membranes measuring L x L with thickness 8, located one above the other on the lower and
upper walls, and loaded and unloaded by compartments measuring L X L, located on the upper
wall.

To find the class of functions V* (z,y,2) and a* (r,y, 2), for which the problem of the
excitation of a given field satisfying conditions (2.1) has a solution, we define the structure
of the field in terms of the membrane sags w,. In other words, we first solve the direct
problem, when the parameter M, =1 in Eq.(1.2), i.e., there is one source with delivery @, =
Q and tn =L2, 0w = L2+ nl, Qu=——h, n=1,...,4 lon=L/2+h, n=25,...., 8. The boundary
conditions (1.5) can be written for this case as

w, = 0w, /02 = 0 for z = 0, L (3.1)
w, = w,/0y* =0 for y=nL, (n+ 1)L for n=1, ..., 4
y=n—4)~L, (n—3)L for n=35,..., 8

In system (2.7) we make the change of variables z, = z/L, y, = y/L, 2z, = 2/L, and we

I

introduce the notation wy = w,/8, Zj = Z;/8, G* = LG, G,! =LG,, K*
the index unity will henceforth be omitted.

We shall seek the solution of system (2.7) of integrodifferential equations by the
Bubnov-Galerkin method. 1In view of boundary conditions (3.1), the sags of the lower and upper
membranes may be written as

L'0®8/D. For simplicity,

Nn
w,= 2 Agmsinngtsinnmn, (3.2
g, m=1
Mh=n—nforn=1,...,4 1, =n—(n—4) for n =
5 ..., 8)

and the deviation of the free surface may be written as /6/

N :
Z,= ZIC,’,mcos:ancosnmn,, nu=1—5j, j=0,1 (3.3)

9, m=

We substitute (3.2) and (3.3) into system (2.7). From the orthogonality conditions we
obtain a system of algebraic equations for the coefficients A,’,'m and C;‘,,,, which has a
solution at least in the case of low-frequency excitation.

Consider the case when o < @®,. Let the main contribution to the velocity field dis-
tribution be from the first harmonic of the sag w,. In this case we can find the amplitude A,,"
from the condition for the interior Neumann problem to be solvable for domain Dj:

Ap™ = AN, A" = infexp (i0,) Q.[40L®I L n =1, ..., 4
Cu’ = 01 j= 0,1

The first natural frequency of fluid oscillation in domain D4 is given by the Bubnov-
Galerkin method by the relation

2% a 20 (D \hy, 16%L Y\
; . ml_—‘T’-(T) {1-— _%_“’pl Z (2r + 1) (— 1)™ cos? x
NTYAERN =~ R@mtt)  n@mdd)
A r 15— C08 7 —[@n + 12 — 41 [1 — 2m 4 V' X
£ 7 2 3 a 1
e o ; sint X2t 1 (2n 1) + @m + Yo th {12 + 1 +
2N Lp (2m -+ el
4 Y
x
 — N3 1
\ 4 The velocity field potential is found from (2.2),
-1 (2.3), in which we put m, ¢ =1:
4 o0
) @z, Yy, 2)=— %‘; Z A7 Z‘ cos 2nnz cosf'—‘-’é—"i X
Fig.2 =1 n, m=o

cos“_”'(_zi‘{z"ﬂ {(1 + 8,n) (4 + By (402 — 1) [1_ (_pg_)a]}-l y
cos - sh [L(L ;41) {,,a + (Tmz_)a}/] .
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(120§ meiech [ G- {n* 4 (5 )"
8go = 1, 84, =0

The symbol X* means that the term of the sum with m =26 is zero.
The rate of oscillatory flow is given for the first case of excitation with 6y =0 and

for the second case with 0, = n(k + 1) by the relations

AT
iwd Ay

cos? 151 {(1 +8) (1 + 8y} (407 — 1) (%)2}}

R (T £ o (1

the term of the sum with m =3 being zero

=v, 3n2 Z (— 1)™cos 2nnx cos T x

n, m=0

Ve _
Toddy T UF T 3w

Z*(— 1)™ cos 2nnz cos n (2m + 1)%

n, m=0

sin 2E2ED [(1 4 8,,) (4mt — 1) {1 — [ 2L

A o (S T (3 [+ (2T

The results of calculating the distribution of the vertical velocity v, in domain D, are
shown in Fig.2,a for the first case of excitation, and in Fig.2,b for the second case (by the
symmetry, only for the set of values {0 <Cz<(%, 0Ly <3, 0 z<{"Y,)}). The continuous line
is the distribution of the vertical velocity component distribution for z =0, and the broken
line, for 2z =1/,

The distribution field is characterized by the following properties. The velocity V, (&,
Ner 2 = 0), (&, M) = Iy is the same, apart from a constant, as the sag. As z increases, the
maximum value |V, (g, k& 4 Y/, 0)| decreases to [V, (Y, k& + Yy, V), while on the membrane boundary
it increases from zero to the value |V, (&, nx, V) |, where E, mp S 75 For every point
(8 M) = T% the minimum with respect to z of velocity V, is equal to

Vz‘ = min [l Vz (gkv Mk O) | ) l Vz (gkv My 1/4)”
For analytic studies the following approximation is useful:
V.* =aV,(z, ¥, 0), a = ming | V, (Mg, k& + Y,, Y)/(0A4)]
For convex sags W,, symmetric about the membrane centre, the distribution field of the
velocity vertical projection behaves in the same way as in the above case of one-mode sag.
Since V,* is known as a function of the sag, the problem of constructing a given velocity field

that satisfies conditions (2.1), reduces to the problem of constructing a given membrane sag
w* such that, in the domain T,

| we* | > V*/(0da) (3.4)
To be specific, let us consider the problem of forming the sag wy of the lower membranes,
Put
Qkm = iopsexp (iB)L*D 787 Qxm
= (V4 — K9 w* — p, L4167 [J* — I%] 4 p, LK1 1,%,
Ik*zIk for wk‘=w,,

We substitute into the k-th equation of system (2.7), k=1,..., 4, the value
' Ny
wy* == ) Ahysin nnk, sin ngny
nq

which satisfies condition (3.4) with (&, M) =Ty, and the deviation Z* of the free surface,
as given by (2.5). As a result, we have

My
m§1 O:mGk (§k1 MNks Ov drmy 7](':m, - hL_l) =‘f|;*, k= 1, oy N (3.5)

For the approximation of the function f,* we can use (2.8).
Consider the special case when an extra condition is imposed on the amplitude of the sag
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wk".

2 (=" =1 U(—=1)T—1] 4pqnt(n? +¢*)' — (3.6)

n, g=1

K4 (1 + pyLp707 Y gt =0
The approximation problem (3.5) can then best be solved by comparing the Fourier coef-
ficients of the left-hand and right-hand sides with respect to the system of functions
cos wrig cos many; 0, nCR—1, P+ nts5:0, My =R

We obtain

My
D) Qém €08 7ty cos nntem =dpy (3.7)
m=]1

dpn=— n(r? - n¥)ssh [k (r3 4 n¥)'s L] X

S fx* cos nrfy cos sn ds
Ty

We add to system (3.7) the equation obtained from the solvability condition for the
interior Neumann problem in domain Dy and conditions (3.6)

2 Qim=1dogy dyo= 2 == (3.8)

m=1

[(—1)7—1] Auq[ﬂ‘(n' tI’)’ K'Y g 'ntn2
We choose the source coordinates 510‘,,., n},‘,,. in such a way that we have

B =ty =-.. =§:[R(R—l)+l] =1/(R+1),...

M= a:m_... =&rr=R/(R + 1)

No*=...=mr=1/(R+1), MORE-11) == - +
=enr=RI(R + 1)

i.e., the source centres form a square mesh on the lower wall of domain D,. In this case the
determinant of system (3.7), (3.8) is the Kronecker product of Van der Monde determinants.
We write the solution by using Cramer's rule

k Am'r A¥ [4(;] m H i—q i®
km == —"— , = - sin sin ]
A* i <i<R 2(R+1) 2ETY
(Am*  is the determinant obtained by replacing the m-th column of AF by the right-hand side
dn = (do0s G10y « + +» BR-1, 01 - « +» R=1,B-1)T) - The number of sources My = R' is found from the
condition

I 2 Sf,, cos:rtrg,,cos:m'q.rd.sl<e1
r.n-RI‘k

In the linear statement, the acceleration of the oscillatory flow is given by a = —inV,
so that the construction of a given acceleration field is similar to the construction of a
given velocity field.

4. consider the case of resonant excitation of the flow, assuming that the fluid in the
working chamber and in the compartments behind the membranes is ideal, and that energy is
dissipated only in the membrane material. While remaining within the theory of small sags,
we introduce into the integrodifferential equations of membrane motion and the motion of the
free surfaces, in accordance with /7/, the supplementary term

n
DVaw, * 4 pd a¢- =k 2 QpmCn Ea M Lo B g SV @ sin 0 (4.9)

M=)

v, *
Wzl.'H"SGn A48 +eDO(w,%), n=1,..,2N

n
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2

wy Go*Z > .
SG FT ds—ZS F ds], i=1,2

g=NF1T, =11y,

N azwqt
Zl‘=—~g_1[2 SGTds—
g=1 I‘q

-

In (4.1), the upper sign is taken for n=1,..., N, and the lower one for n=N-+1..,
2N, while the functional ©® (w,*) characterizes the hysteresis-type energy dissipation in the
membrane material. The function @ is determined experimentally. It is assumed that the
disturbing force is small, i.e., the deliveries (i, must have the order Cim ~ edin, Agm = O (1)
as e— 0. The energy loss in the membrane material leads to a phase shift of the membrane
oscillations, and hence to a phase shift of the oscillations of the fluid filling the working
chamber.

We seek the solution of system (4.1) as

wp* = uwp (2, y) cO8 T+ euy (2, ¥, V) + - .., Z;*= uZj(x,y)cost (4.2)
=0t ed+ .., V=%t eYy+ ..., 1=0t+V

For clarity, we take the resonant frequency o, calculated in Sect.3. We require that
the functions u;, ..., do not contain the principal harmonics cos® and sint. Substituting
expansion (4.2) into system (4.1) and comparing like powers of e, we obtain the system of
equations for @, Ay, and P,

(DV* — 0,2p8) wy = pg0.* (I — J) + fsrlp, =1, ..., 2N (4.3)
Zy= o I —J], j=1,2
DVéu, + pd [— ubgw, cos T + o ¥d%u,/0v%] = {4.4)

Mn

01 S QG (BTl Liyr Gt Wos L) S (7 — o)+
m=1

Pz \ [— uw, A1cos T+ 0?0, /01%] G ds+eDD (v, w,,T)

2D (wn *) = e® (4, wp, W+ €, n=1, ..., N

System (4.3) is the same as the homogeneous system (2.7), so that ©, can be regarded as
the first natural frequency of system (2.7).

We use the method of harmonic balance to find the unknowns A, and +¢,. For this, we
multiply Egs.(4.4) by wncost and wapsint, and integrate over the membrane surface during
the complete time cycle. After transformations, we obtain the system

1
1
o8 Py = 5~ S S eDO® (s, w,, ) w, sintdrds (4.5)
r, ¢
2%
A= [Ssin\po— S S eDD (v, w , T)w, costdtds] [npb S uw, 2ds —

T, 0 T,

nD S w, ds S ww, G (6,1, 81am 8y,) d‘]_l
T, r

n
S =01 3 Qi § Cp (61 Lo G Wons L") 0,
m=1

Ta

n

In (4.5) we take as w, the eigenfunction corresponding to the eigenvalue ®;. Solving
system (4.5) simultaneously and using the known expression for ® (u, wy, %), we can plot  the
resonance curve u=f(w). To refine the sag, we find the function u from (4.4). After find-
ing the wp,the velocity field is calculated from (2.3).
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AN ANALYTICAL SOLUTION OF THE PROBLEM OF CONVECTIVE DIFFUSION IN THE
NEIGHBOURHOOD OF A DISCONTINUITY OF THE CATALYTIC PROPERTIES OF A SURFACE"

I.G. BRYKINA

The problem of convective diffusion when a binary mixture flows round a
plate when there is a line of discontinuity of the catalytic properties
on the plate is considered. The effect of longitudinal diffusion is
taken into account. The surface is assumed to be non-~catalytic up to the
discontinuity but possesses a finite catalytic activity after the discon-
tinuity. At low values of the coefficient of catalytic activity, an
analytic solution of the problem is obtained by the application of a
Fourier transform. The asymptotic forms of the solution are found in the
form of simple formulae both near the remote from the point of disconti-
nuity. of the boundary conditions and both upstream and downstream. A
comparison is made with the solutions obtained in the boundary layer
approximation and by a numerical method /1/.

The problem of convective diffusion (or thermal conductivity) in the
case of a transition from a not-catalytic surface onto an ideally catalytic
surface has been solved /2, 3/ by the Wiener-Hopf method.

1. The stationary flow of a two component incompressible liquid or gas with constant dif-
fusion properties and a linear velocity profile {u' = VL', v" =0} in the 2’ direction around
an infinite plate y =0, on the surface of which a heterogeneous first-order reaction occurs,
is considered. The surface is assumed to be non-catalytic in the half-plane y =0,z'<0
and to possess a finite catalytic activity in the half plane y’ = 0,2 >0.

The diffusion equation (which is identical in form to the heat conduction equation) and
the boundary conditions in this case have the form

& 8 3%
F“é:ﬁ-f‘“gfr; —ono <z e, y>0 .1
2> —oo, ¥y and y —> 00, VIl ¢ — ¢ 1.2)
: L o p— WL W
z(), $<0. “5*;*——0, y——o, :Z’>0. o .-_kc,
L \'sy,
k==(7q7) k

Hexe k' is the rate constant for the heterogeneous yecombination on the surface, and the
dimensionless variables 2 and y are related to the dimensional variables in the following
mannerx:

(B = (3

(D is the coefficient of diffusion and ¢ is the concentration).
Let us consider the case when k<€ 4. A solution of the problem can then be sought in

the form
= ¢g {4 —kf+ ..} {1.3)
For the function f (¥, y) we obtain an equation, which is identical to (1.1}, while the
boundary conditions take the form
*pPrikl .Matem.Mekhan. ,52,2,244-251,1988




